INTRODUCTION
In modeling ultrasonic immersion inspections involving complex geometries, one of the more difficult tasks is to predict the effect that a curved surface has on a beam of sound as it propagates from the fluid into the solid. In this paper, we will consider a hierarchy of models for this problern (see Fig. 1 ).
First, a general model for this problern will be developed which we will call the Kirchhoff Beam Transmission (KBT) Model. The KBT model uses only Rayleigh-Sommerfeld theory and the high frequency Kirchhoff approximation in its development, so that it is applicable to a wide range of general geometries. lt does, however, require the numerical evaluation of two 2-D surface integrals ( one on the face of the transducer and one on the curved interface) so that it is computationally expensive. However, through the use of edge elements [1] these two surface integrals can be evaluated explicitly in terms of analytical functions.
If the stationary phase approximation is used to approximately evaluate the integrations over the curved interface, a simpler model in terms of a single 2-D integral over the face of the transducer is obtained which we will call the Surface Integral (SI) model (Fig. 1) . Edge elements can also be used to handle the integrations present in the SI model. However, unlike the KBT model, the SI model will fail when the interface is focusing so that caustics in the wave field are present. For curved interfaces where caustics are not present, the SI model is several orders of magnitude faster to evaluate than the KBT model, and the SI model often agrees well with the more general KBT model in such cases.
If the paraxial approximation is assumed in the SI model, then the 2-D surface integral appearing in the SI Model can be reduced to merely the evaluation of a single 1-D integral on the edge of the transducer. This model, which we call the Paraxial Boundary Diffraction Wave (PBDW) model (Fig. 1) , is computationally very simple so that it can be easily evaluated at many frequencies in "real time" on current workstations or high end personal computers, making it an ideal model for performing interactive inspection simulations. However, like the SI model from which it is obtained, the PBDW model does fail when caustics are present. Also, because the phase is expanded along a particular direction in the PBDW model, the PBDW model can be expected to fail if the surface curvature changes rapidly over the "footprint" of the beam on the interface.
In the following sections we will outline the derivations of all the models in this hierarchy and discuss some of the advantages and limitations that results from the various approximations employed.
THE KIRCHHOFF BEAM TRANSMISSION MODEL
The problern that will be considered is shown in Fig. 2 . A piston transducer radiates a sound beam into the fluid which is then transmitted across a general curved interface, S. In the fluid, the incident pressure, p, is assumed tobe described by the Rayleigh-Sommerfeld equation, I.e.
where v 0 is the velocity on the transducer surface, p 1 is the density of the fluid, ro is the frequency for harmonic waves of exp (-iro t) time dependency, and kpi is the wave nurober in the fluid which has the compressional wave speed, cpl· Strictly speaking, Eq.(1) is valid only for a planar piston transducer but 0' Neil has shown that this equation also predicts the wave field of focused probes [2] . If the radius of curvature of the interface is much larger than the wavelength, then when the waves from the transducer strike the interface the interaction with that interface locally is similar tothat of a plane wave with a plane interface (Kirchhoff approximation).Thus, in the solid the displacements and their derivatives can both be calculated at the interface in the Kirchhoff approximation as where p 2 is the density of the solid, r;~;P is the plane wave transmission coefficient for a wave of type a. ( a. = P, S) in the solid ( based on a stress/pressure ratio ), ca2 is the wave speed in the solid for a wave of type a. ( a. = P, S), and ka 2 is the corresponding wave number. The unit vectors e a ( a. = P, S) point in the direction of transmitted (planar) P-and S-waves. Knowing these fields on the interface then allows the displacements to be calculated at an arbitrary point in the solid through the use of the integral representation theorem [3] :
where S is the interface, whose unit normal vector points outwards from the solid, and Gij is the fundamental solution for the solid, which is assumed to be homogeneous and isotropic. At high frequencies, this fundamental solution and its derivatives are given explicitly by (y = P,S)
for P-and S-waves, where ( see Fig. 2 )
(the superscripts used on the v vector in Eq. (5) merely indicate which wave types of waves they are associated with in the fundamental solution and do not indicate at this point different directions. However, in the SI model these quantities will be evaluated in different directions for each mode so we arealso anticipating that fact here). Placing the above expressions for both the fields and the fundamental solutions on the interface into the representation theorem then gives an explicit equation for the displacements in the solid:
(y = P,S) where (7)
We will call this equation the Kirchhoffbeam transmission (KBT) model. To evaluate this equation numerically is rather difficult, both because there are multiple integrations to perform and because the interface, S, can be of a complex shape. One method that we have found that works weil in practice isthat of edge elements [4] . In this method, both the transducer surface and the interface are broken up into small planar facets. Within each facet the amplitude terms appearing in Eq. (6) are approximated as constants and the phase term is expanded to first order. Thus, for the qth element on the interface and the mh element on the transducer surface, for example, the phase in Eq. (6) is approximately where z' and y' are general points within the element on the interface and transducer, respectively, and
where e~ is a unit vector pointing from the centroid of the mth element of the transducer to the centroid of the qth element on the interface and e io is a unit vector pointing from the centroid of the qth element to point x 2 . Within each element, through the use of Stokes' theorem the integrals over the area of each element can be replaced by an equivalent integral over the element edge and, furthermore, for straight line edges these edge integrals can then be performed exactly. Thus, the evaluation of Eq.(6) can be reduced to simply a sum of explicit terms over each element edge. Because of space limitations we will not give all the details of this reduction process here, but just quote the final result of the edge element approach, which Ieads to a form such as where the I~qs and I~J, terms involve sinc functions [4] . As shown in [4] , Eq. (10) is really just a result of applying a Fraunhoffer approxirnation to the surface integrals, where this approximation is written in terms of individual radiating edges rather than the radiating surface elements themselves. Numerical calculations based on Eq. (10), of course, are quite intensive because of the many terms involved. However, the underlying KBT model makes only rather weak assumptions on the fields, and the edge element approach allows one to handle complex surfaces without difficulty, so that this model is quite general in its applicability.
THE SURFACE INTEGRAL MODEL
If the interfaceintegral appearing in the KBT model (Eq. (6)) is evaluated explicitly by the method of stationary phase, one can obtain a simpler model of the radiated field of the transducer in terms of a singleintegral over the face ofthe transducer only. We will call this model the surface integral (SI) model. In this approach one expands the phase terms 1/J = kP 1 r 1 + kr 2 r 2 (r = P,S) appearing in Eq.(6) to second order about stationary points (one for each mode) and approximates the amplitude terms as their (constant) values along these stationary paths. After some considerable algebra, the displacement expression reduces to
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with R 1 , R 2 being the principal curvatures of the interface seen along a particular ray path through the interface and <p is the angle between the plane of incidence and the principal direction of the surface associated with the principal curvature R 1 . Finally, in Eq. (11) an additional phase change term given by
appears. Equation (11) can also be obtained directly by computing the transmitted waves from a point source according to geometric ray theory and then integrating such contributions over the face of the transducer, as demanded by the Rayleigh-Sommerfeld equation. However, our above approach has the advantage of obtaining explicit expressions for the geometrical spreading factors and phase changes associated with the general ray theory forms.
The single surface integral appearing in Eq.(11) can also be calculated efficiently through the use of edge elements. Since the procedure closely follows that of the KBT theory case, we will omit the details here. However, one important difference between the KBT and SI models is that the SI mode will break: down for focusing interfaces where caustics are present, because it is a model based on ray theory.lt is possible to "fix up" the ray theory at such caustics, but there are many special cases to consider in performing such fixes so that a simpler approach is to replace the SI model by the more general KBT model when caustics can be present.
THE PARAXIAL BOUNDARY DIFFRACTION WAVE MODEL
Although the SI model does involve considerably less numerical evaluation than the KBT model, it still requires a 2-D surface integration and considerable ray tracing calculations. However, if one mak:es the paraxial assumption, this surface integral can be reduced to that of a single line integral around the edge of the transducer and the evaluation of only a single ray path going from the field point to the face of the transducer. This paraxial model we will refer to here as the paraxial boundary diffraction wave (PBDW) model. Similar models have been developed for planar interface [1] so the PBDW model is the generalization of those earlier models to curved interfaces. The PBDW modelbegins with the SI model expression (Eq. (11)) and expands the phase term to second order about a "fixed" ray path that travels normally from the surface of the transducer to the point in the solid at which the field values are be calculated. The amplitude terms appearing in the surface integral ofEq.(ll) are tak:en tobe their (constant) values along that fixed ray. Ifthe surface integral appearing in Eq. (11) is written in terms of polar Coordinates, then in this approximation the phase terms can be integrated exactly in the radial direction, leading to a single integral expression for the displacements in the solid of the form where the integral is contained in a "diffraction coefficient", Cl, given by
and where 
and the components Q; 1 (i, j = 1,2) are those of a rotation tensor, Q, needed to diagonalize the K tensor. For the special case where the plane of incidence and the principal directions of the surface are aligned, no rotation is needed and the Q tensor is just the unit tensor.
The PBDW model is very simple to evaluate. In fact, as mentioned in the introduction, real time calculation of pulses can be performed with the PBDW model by evaluating it at many frequencies and then inverting the results into the time domain. Thus, the PBDW model can be used as the basis of interactive simulations of ultrasonic experiments. Like the SI model, however, the present PBDW model will fail when caustics are present. One alternative in such cases is to use a paraxial modelthat is not based on ray theory directly such as the paraxial Gauss-Hermite model [5] .
CONCLUSIONS
Wehave presented a hierarchy of ultrasonic beam models for curved interface problems: the general KBT model , the simpler SI model, and the even simpler PBDW model. Each of these models has its own advantages and limitations so it is important to determine when these theories agree or disagree. Such numerical camparisans are currently in progress. However, we can state that there are many cases we have already considered where good agreement exists between the KBT and PBDW models. Thus, the use of the far simpler paraxial theories can often Iead to little loss in accuracy but with substantial improvement in speed over the more general theories.
